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AN AERODYNAMIC ANALYSIS OF THE AUTOGIRO ROTOR WITH A COMPARISON
BETWEEN CALCULATED AND EXPERIMENTAL RESULTS

By Jom B. WHDATLmY

SUMMARY

An exlension of the awtogirotlwoy of Glauertand Lock
is here prewnted in which the in.uence of a pdch varying
wiih the bti radiu h evaluded and methob oj ap~oxi-
mating the e$ect oj blade tip losstx and the injk.ence of
rever8edva?mnlimon the retreating blades are developed.
Tlwresultiw equationalime beenapplitxito determinethe
characteristicsof a PCA–3 auiogirorotor. A comparison
of cai!mdatedand mperimental T& dunoedthatmeet oj
th rotor churacbi.stiw could becalculatedwith remmnabb
accuracy, and thai tlwtype oj indd~ assumedhm a
seconda~ elJeciupon the net rotor jorcee, aMuugh the
jlapping motion h in$uenced appeciubly. An approti
mate evaluation of the e$ect of parade drq on the rotor
bladeaestablidwdthe importance on inclwdi~ thti factor
in the analyti.

INTRODUCTION

The aerodynamic analysis of the autogiro rotor has
been the subject of several studies, the most note-
worthy being presented by Gla.uert and Lock in
references 1 and 2. The validity of the analyses made
has not at the present time been established, however,
so their application to the problems of design has been
impossible. The purpose of this investigation is to
extend the analysis of Lock to include the iniluence of a
linear variation of blade pitch with radius and to
determine the influence of several factors neglected
by him. The remdtant analysis is then applied to a
comparison of calculated and experimental character-
istic, the ex-perimentd data being obtained from refer-
ences 3 and 4.

Lack’s analysis is not applicable to a rotor employing
twisted blades, so the extension of his treatment will
materially increase its usefulness. The majority of
rotors now in service have a pitch varying with the
radius, as had the PCA-2 rotor which has been tested
(references 3 rmd 4) and used herein to determine the
validity of the modiiied analysis. The comparison
of calculated and experimental results will afford a
measure of the quantitatim validity of the analysis,
and assist the designer in obtaining the optimum rotor
for a given purpose. The establishment of deiinite
relationships between the rotor design parameters and
its characteristics will greatly facilitate research
directed toward the improvement of autogiro per-
formance and the analysis of the results of isolated
tests,

The investigation presented in this report was con-
ducted by the NTational Advisory Committee for
Aeronautics at Langley Field, Vs., during 1933.

ANALYSIS

1, General,-The method used in this analysis is
in most respects identical with Imck’s treatment
(reference 2), but the development will in the interests
of clarity be repeated. The changes that are to be
made in his analysis in an attempt to refine it may be

Fmwu l.—Dhgmm of autqim rotor.

summarized as follows: The limitation of the analysis
to blades of constant pitch is removed so that any
linear pitch variation may be introduced; an approxi-
mate method of evaluating the influence of the reversed
flow over the retreating blade is developed; a method
of fdlhing approximately for tip 10S6Win calculating
thrust is introduced; and a method of calculating the
drag coe5cient at 90° angle of attack is given. In
respect to the last item, it is subsequently suggested
that the calculation of rotor chmacteristiea be done by
two separate methods, one for low incidence and one
for high incidence.

2. Meohanics of the rotor.—The autogiro rotor is
a windmill operating at large angk of yaw. In order
to eliminate roll@ moments in forward flight, the
individud blades are hinged near the axis of rotation
so as to permit them to osoillate without mechanical
constraint in planes contain@ the axis of rotation.
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A diagram of such a rotor is shown in figure 1, where,
in addition to the flapphg hinges, hinges are shown
whose function is the relief of stresses setup by bending
in the plane of rotation. Insofar as the aerodynamic
effect is concerned, the motion of the blades about
these audiary hinges maybe neglected; experimental
values of this motion show the maximum amplitude
of the oscillation about the hinge to be less than 1°.

3. Coefficients.-The thrust T of the rotor is ex-
pressed as a nondimensional coefficient 0~ based on
the swepixlisk area and the rotational speed of the
rotor: then,

cT=&~ (3-1)

where R is the rotor radius
$2is the rotor angular velocity

The lift and drag coefficients of the rotor are based
on the forward speed V rather than the tip speed;
then in conventional form,

L.

and
D.

c“’=;pV%rR2

(3-2)

(3-3)

where L, is the rotor lift
D, is the rotor drag
C% is the rotor lift coeilicient
C=, k th8 rotor drag Codicient

By the use of a nondimensional ratio between the ccm-
ponent of forward speed in the plane of the rotor disk
and the tip speed, coeilicients based on one speed may
be expressed in terms of the other. The ratio is
called K, and is expressed as

v Cos a
‘=nzr (3-4)

where a, the angle of attack of the rotor, is the acute
angle between the direction of flow of the undisturbed
air and the plane perpendicular to the rotor*.

The thrust coticient may be tmnsformed into the
lift coefficient by making the assumption, which
experience has shown to be valid, that the rotor force
perpendicular to the thrust contributes a negligible
amount to the lift. Then .

L,=Tcos a (3-5)
and

(3-6)

4, Werferenoe flow,-In the vicinity of the rotor,
the rotor forces generate local induced velocities which
alter the undisturbed flow. The resultant rotor force
d.ifbrs negligibly in direction and magnitude from the
thrust, so the component of induced velocity parallel
to the rotor ati will be calculated from the thrust,
and the remaining components neglected.

The complexi~ of the flow in the neighborhood of
t~e rotor makes it impossible to solve rigorously for

the magnitude and distribution of the induced velocity
in the rotor disk. By physical reasoning, however,
it maybe inferred that the trailing vortices behind tho
rotor are &nilar in effect to the vortices behind an
airfoil, and it will be assumed that the induced velocity
at the rotor disk is constant in magnitude and may be
obtained by analob~ with airfoil theory. Then w
rotor of span 2R and total thrust T, distributed
elliptically along the span, generates a constant
induced velocity expressed by the equation

(4-1)

where v is the induced velocity
and V’ is the resultant air velocity at the rotor
The influence of an arbitrary deviation from the
assumed type of flow will be determined and discussed
subsequently.

The resulttmt velocity at the rotor is the vector sum
of the translational and induced velocities. Then

V~2= (Vti a–V)g+~ CCS2 a (4-2)
The axial flow is conveniently expressed as MIR, and
the flow in the plane of the rotor disk aa PQR; then

MIR=VSiU a–V (4-3)

@R=vccsa (4-4)
The resultant velocity can now be written

V’=Qz?(A’+p?* @-5)
Substituting for T and V’ from (3-1) and (4-6),
equation (+1) becomes

;(7A2R

‘=(A’+Jl’)~ (4-6)

5, Angle of attaok,-Equation (4-3) can be altered
to expreea the angle of attack a w h function of the
remaining variables. Substituting for o from (4-6),

;C@R
~~.Vsin a–~~ (6-1)

Dividing by (4-4) and transposing,

A
; 0,

(5-2)
‘m a“;+m~

6. Blade motion.-The flapping motion of theblades
is repeated identically with each revolution and is
therefore expressed aa a Fourier series in which the
independent variable is ~, the azimuth angle of tho
blade from its downwind position. The Fourier series
expresms the acute angle /3 between the blade span
axis and the plane perpendicular to the rotor axis (the
rotor disk) aa a function of +, the form being

p=a.–al cos #–bl sin $–~ cos 2+
–b, Sin2#-G COS3~-b, SiU3#-. . . 0 . . (6-1)

AUharmonics above the second have been found experi-
mentally to be negligible, so for use in this analysis
the series will be terminated after thd ‘b~term.
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The dynamic equation of blade flapping is

J
I,d$= ~

“r dT,
-&Cospdr

J

It

— mf&cos/3sin~dr
9

f

E
— g-mrCos /3dr

.0
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(6-2)

where II is the ,rnoment of inertia of one blade about
the flapping hinge

dT, .
~ M the thrust on an element & of one blade

m is the line density of a blade

BR is the radius less an illowance for tip losaea

In the application of equation (6-2) it will be assumed
that p is small, so that cos /3is unity, and sin /3is iden-
tical with 19. Experience has indicated that f? has a
maximum value of less than 15°, so the assumption
is considered justified.

Referring to (6–2), it will be noted that

J

E
m~ dr = II; then (6–2) reduces to

0

(6-3)

where MT is the thrust moment of one blade about the
flapping hinge

MW is the moment of the blade weight about the
flapping hinge

7, Velooity components at blade element.—The
three orthogonal velocity components at the blade ele-
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FIGURE2.-Vehx4ty mmpormntsat blade element of antngira rotor blade.

ment dr are designated ‘i7~, VE, and UP. The oom-
ponent UTis parrdlel to the rotor disk and perpendicu-
lar to the blade span axis; U. is parallel to the blade
sprm axis and p0rpt311diCUhrto u,; and UP is perpen-
dicular to the span axis and to UT. Referring to figure

2, the following expressions may be written for the
velocities:

U,= f&+P~ ti $ (7-1)

UP= M2R-r~~-@Rfl cos $ (7-2)

u.=@R Cos *+XQRB (7-3)

Diilerentiating the expression for 19in (O-l), and sub-

stituting for /3 and ~ in (7–2),

( )
up= MR+;pw+ –l.l QR%+QrtJ1+;PSMh Cos+

( )
+ –Qral+~@Rii2 sin$

( )()
+ -~pflllal+ 2C%+acos 2*+ $@Rbl – 2Qra9 sin 2 #

8. Thrust.-In the calculation of the forces acting
on the blade element it will be assumed that the re-
sultant force lies in a plane perpendicular to the blade
span axis and depends only upon the velocities in that
plane. This assumption is equivalent to neglecting
the irdluence of the radial velocity ~~ on the blade
forces. It will be further assumed that the drag of the
blade element contributes a negligible amount to the
rotor thrust.

The remdtant velocity U of UT and Z7Pmakes an
~ute ~gle @ with the veloci@ U,; then

U==Ums ~ (8-1)
U..=usinp (8-2)

Over the greater part of the rotor blades, and especially
where ~ is large, the angle p is small. For this reason,
it will be assumed that the sine of P is equal to q and
that the cosine of p is unity. Equations (8–1) and
(8-2) then reduce to

U,=u (8-3)
U.=qu (84)

In order to setup the integral for the evaluation of
the thrust it must be remembered that the blade
velocity is reversed over the elememk from a radius of
O to –@? sin #. This condition does not indicate a
negative contribution to the thrust, but requires a
special integral for its evaluation. In the derivation
of the total thrust, an approximate allowance will be
made for tip losses by integrating to a fraction of the
radius. It is arbitmxily suggested that this fraction
be chosen so that a tip length equal to on~half the
tip chord is assumed to develop no thrust.

The lift coefficient CL of the blade element is as-
sumed to be proportional to the angle of attack, an
assumption that is valid for lift coefficients less than the
maximum. Then

cL=acir’ (8-5)
where a is the lift-curve slope with angle of attack,

in radian meaaure
a, is the blade-element angle of attack in radians,

measured from zero lift
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The blade-element angle of attack is the sum of the
pitch angle 19(also measured from zero lift) and the
angle p of the resultant velocity to the rotor disk. (See
fig. 3.) Assuming that 19varies linearly with the radius

Then

e=eo+&ol

ar=%+&l+P

Rofor axis

(S-6)

(8-7)

Rofor oxis

Plane of disk

Reversed ‘
# u=

FIOIJEE3.—Angle of attack dhgram of blado ahnent of antqfro rotor.

The preceding e-spression for a, is true only when the
direction of the resultant velocity is such that the
flow is from the leading b the trailing edge of the
element. When this direction of flow is reversed, con-
sideration of the definition of p becomes necassaxy in
order to e-spress the angle of attack.

It is seen from equations (S-3) and (8-4) that

(8-S)

TThen ZTTchanges sign and ~p does not, q also changes
sign; furthermore, p is the acute angle between the
veloci~ U and the rotor disk. A positive angle of
attack is defied as one that results in a positive
thrust; a negative p in the reversed-veloci~ region
then contributes a positive component to the angle of
attack, and a positive pitch angle contribute a nega-
tive component to the angle of attack. The angle of
attack a,’ in the reversed-velocity region can then be
written from figure 3,

The thrust will be evaluated on the basis of the assump-
tion, previously stated, that ~ and 9 are small. Then

COM- FOR AERONAUTICS

if b is the number of blades and c the blade chord,
assumed constant, the thrust T becomes

2T ,’rd+ ,BR%J’@
T= ~

Js
(8-lo)

The evaluation of the integral for the thrust is possi-
ble only when the expression is split up and the influ-
ance of the reversed velocity taken into account. It
will be assumed for simplicity that the lift-curve S1OPO
at 180° angle of attack is equal to that at 0°; then

b

SS

-PRsln # 1

‘z .2“d+
( )

~NaW —eo–~el—p tb
o

(8-11)

The integration of (8–11) is performed after rearrang-
ing and substituting for U2 and q U’ the identities
obtained from (s-3) and (8+)—that is, Z72 u U~2and
p U’ = UT Uj Then

(

1
+01 $P+~@’-~211

) 1
4 + ~v%fll + ~ Psal (8-12)

where terms of higher order in p than the fourth aro
neglected. The ratio between the total blade area and
the swept-disk area of the rotor is termed the solidity,
and for rectangular blades is

bc
u=—~R (3-13)

from equations (3–l), (S-12), and (8-13), the thrust
coefhient of the rotor is

+~P2bJ3+ ~@al
I

(s-14)

9. Thrust moment.—The moment of the thrust
~. about the flappiUg hinge is, neglecting the radiId
distance horn the axis of rotation to the rmti of the
hinge,

J

“R 1

i%”. = ~pcUIC~dr (%1)
o
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Substituting as in (8–10), and taking into account the
influence of the reversed velocities,

“’=ri~al(o”+ie’)u’’+u”u’l”’r

J Z@a[o”+i’’)u”’+ u”u’l’d’l: (9-2,

-JllzSIn# 1
—2

o

1

2,

Where indicates that the second expression enters
r

into the thrust moment ordy in the interval between
@-r and ~-2T.

In order ta obtain a single expression for the thrust
moment at any value of +, the problem of combining a
general expression extending fkom O to 27 with another
oxtading from ~ to 2m was analyzed. A Fourier
series of the type

Y= %+al cos+~~~s2~ ++m cm 2*
(9-3)

extending from O to 2ir, has added to it the series

AY=A~+AQ COS~+A/)l sin $+A~ COS2+
+Abi Sill 2# (94)

which extends from m to 27r. By harmonic analysis
the resultant series, continuous at m and 27,

YB=AO+A, co:~,:~ ~: ++A, COS 2+
(9-5)

was obtained, and the following relations established:

A~=–A~

Aal = O

~= ~-!- 0.500A~– 0.318Ab,

Al= a, – 0.424Ab,

B,= b,– 0.S49Aq+ 0.500Ab,

AS=aa– 0.500A~– 0.212Abl

B,= b,+ 0.500Ab,

(9--o)

The relations expressed in the fhst two equations follow
from the condition of continuity.

Integrating (9-2), combining the two integrals into
one expression by (9-0), and dropping all terms of order
greater than p’,

MT E ;X&+ 0.080p’X

;pcaQ=R’
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+ {:w9@ + o.053#4e”+&JY –;d?’

1
–$bJ7 + $&- $L%+:P%JY sin #

{
+ – $a#– 0.035P4G+;bJ3’- $aJF

I
+$.?bJP COS ~

[ 1
+ ~pb,~ – &B’– &LJP+&L4G sin 2$

[
+ – &L2eJP +&L4e0 – ;p2e,17 +;bJP

I+$aJF–o.053j13h Cos 2+ (9-7)

From (o-3), substituting for P and $P from (6-1),

1,@(~+3G COS 2y+3b, SiU 2#) =M.–MW (9-8)

Nter substituting for MT from (8-7), the following set
of equations is obtained by equating coefficients of
identical trigonometric functions:

o = +.(/@ -tjb,ll’ – &..J7 + $2bJY

– o.035p4%

o=$o&P+o.053p400 +;@J14-@4

+;bJ3’ +;wJY – 0.053P3A

Let
Cpd?’

‘= 1,

(9-9)

(9-lo)

where Y is a nondimensional coefficient that represents
the mass constant of the blade and expresses the re-
lationship between the air forces and mass forces
acting on the blade. Using (9-10) in (9-9), and sim-

Pm%
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1+O+b’11’

‘{-w+”)W--–r@=$=r~r~

–; 0,23’–0.053PA+; fp’
I

‘Him-b’)
3b2+&&4==;w

; lbl~

3P 1

9-11)

Inspection of (9–11) shows that ~ is of the order of
P“, aI and bl are of the order of p, and ~ and bq me of
the order of p’. It will be shown in section 10 that in
order to evaluate the torque equation including all
terms whose order is p4 or lower, the expressions for
~, a2, and b~ must be carried out to the order of p’,
and the expressions for al and bl to the order of pg. To
this approximation, the expressions for Q and bl in
(9-11) become

:9-12)

The following approximations are sufhiently accurate
for substitution in (9-12):

I
t
(9-13)

b+%
J

Substituting in (9-12) from (9-13),

Solving (9–14)~for a2 and b,,

-w’
{( 7 8)+’JV+“=144+@ ml’+m~B

)( )1
+&W +@’ 12+&’B8

–’Y%* &M,+~@’+&olJp
{“-144+#B 9 36 15 I

!+15)

The expressions for G and bain (9–15)m~y be sub-
stituted in (9-11) for ~ and b2where they occur in the
expressions for q, al, ‘hnd 131;the flapping iE then
completely expressed by coefficients that are given in
terms of ~, A, and the physical constants of the blade.

10. Torque,—The aerodynamic torque on an ele-
ment of the blade is made up of the compommts in the .
rotor disk of the lift and drag of the element. As
previously stated, in resolving the lift and drag into
their components the sine of p will be aasumed equal
to P and cos P equal to unity. It will also be assumed
that a single average value may be aasigned to the
drag coefficient of any element, the suggested value
being one and one-half times the minimum drag coef-
ficient of the airfoil section. Since large anglea of
attack and large drag coefficients are attained only in
regions of low veloci~, where the contribution to the
net torque is small, the average value chosen is felt to
be conservative.

h a steady state of rotation the torque ti zero. Then

SS
Q=()=+ , 2“d# ~=’ ;PC~Q@d”

-Hc%J3@2&dr
(lo-1)

where 6 is the average drag coefficient.
Taking limits so that the region of reversed velocities
is properly expressed, (10-1) becomes upon substituting
from (8-5), (8-7), and (8-9)

(lo-2)
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Rearranging and substituting horn (8-3) and (8-4),

(lo-3)

Substitute from (7-1 ) and (7+) for UT and Ur;
integrate and simplify; then, neglecting terms of
higher order than p’,

(104)

It should be noted that the drag term in (10-1) is
integrated to the tip, while the thrust term is inte-
grated only to BR. This method is considered advis-
~ble, inmnmch as tip losses in reducing thrust cer-
tainly do not decreaae the profile drag.

Examination of (104) verities the statement pre-
viously made that, in order to include all terms of
order p’ or lower in the torque equation, it is necessary
to ewduate %, q and b~to the order ps and m and 61
to the order LLs.It has been shown in (9-11) and (9-15)
that the blade-motion coefficients %, al, 61, %, and h
me linear functions of A; the torque equation is then a
quadratic in x and its solution for a series of values of
p is simple. By the use of the torque equation A can
be obtained as a function of P; the ph@xd interpreta-
tion of the solution is that of fiding for a rotor of given
geometric form, the magnitude of the axial flow through
the rotor disk which results in a state of steady
cmtorotation.

11. Lift-drag ratio.-The simplest and most direct
method of evaluating the drag of the rotor is that of
considering the energy lost in the rotor. There are
two channels through which energy is dissipated: in the
generation of thrust, and in the 10SSMarising from the
blade drag. Placing the tctal energy low per second
cqunl to ~rl’ where ~, is the rotor drag,
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J’v–/1.z2dn#1b ‘d+-—
n-r

~ pc6U~3dr (11-1)
o

The drag integral in (11–1) has been setup in accord-
ance with similar previous expressions to allow for the
influence of the reversed vdocitk, since regadless of
the direction of the velocity there is an energy loss,
and the fit integral expresses that loss incorrectly
in the reversed-valocity region. Upon integrating,

(11-1)becomes

( )
D, V-: bc@W6 ~+:p2+ $ ~’ +oT (11-2)

From equation (3-5), L,= T cos a; dividing (11–2)by
L,V= T ~“ COS u,

( )

ibcpft%’
g’ti ++:P*+;P’ ~+vc:~ ~ (11-3)
r

Substitute for u born (4-6), for V horn (34),and for
T from (3–1);then

D, ( )
Uti1+3 K*+$” ;0.

~=
8pC~ ‘Al*+A2)~

(11-4)

12,Rotor pitching and rolling moments,-The
development of expressions for the aerodynamic char-
acteristics of the rotor has so far assumed that the
blades flap about a point on the rotor axis. I?or most
full-scale rotom this assumption is in error, although
the distance from axis to hinge is in general so small
that the offset may be neglected in considering the
motion of the blades. The distance from hinge to
axis has, however, an appreciable influence upon the
position of the rew.dtant rotor force, which will b6
evaluated in this section. Id the distance from hinge
to axis be dwignatad r=. The instantnneoug thrust
T, on one blade is, from (8-11)

“=Jn’+o+au~2d’

J

BR 1
+

o
ycuu.uklr

where the corrections for reversed flow are omitted,
being considered negligible. The longitufi~ ~nter
of pressure of the total thrust is obtained by adding
together the terms— TITEcos # at positions corre-
sponding to the instantaneous positions of the blades;
for four blades, assign x successive values difFering

by ~; for three blades, values differing by ~ r.

Upon integration, (12-1) becomes
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)+2EP sin+

(
+ –~N’e@–~~~OIF+~fiF+~biW

)
Cos 2+

+
(

–~~2a@+$hP-:@
)

sin 2*

+(–:p’b,B+:@) cos 3Y

+(&@+:Kb3) sin 3+

1 ~b–3P & cos4#+:@zBsh4* (12-2)

By the assignment to v in — !!’Ir= cos ~ of four values

difTering by ~ and summin g, the pitching moment for

a 4-bladed rotor is expressed as

I
iIl~a=: bcpaQ2Rh —: W@ ++bl

(F+:”B)

–;W@+ (
1 2b

L3P ,B+&JF
)

Cos4+

)}
+$tia,B+~i.&P sin4#I (@-3)

where kl’f~ is the rotor pitching moment for four

blades. In a similar operation, by as@ning to * three

values diflering by ~ Z, the pitching moment is

espressed as

ii{,
3=$b’@2m~[-*@Ow+ibl(p+:@B)

–; M@+
(

1 ZO–~P $–; P’oP+&lF

)
+; b.~ –&2bzB COS 3+

(
+ –: P%%B+$#blP-&@

+&?B)sin3#] (1~+)

where J1% h the rotor pitching moment. for three blad~.

The rolling moment is obtained by summin g 2!’1r=
sin # at correct i.ntermds of #. Then for four blades

L,,
{

. ~bc@WPrH :pL9iJF+&@ + $U

+ (– $Fb,B +:wz3) Sin 4#

(
– $P%B + $bJP

)COS44 ‘12-5)

whoro 7.~4is the rotor rolling moment for four blades.

And

L,,
{=:bc@iHFriq &t$B%&%P + $B

)i- $.?bsB sin 3#

where L% is the rotor rolling moment for three blndes.

13.Effect of a varying induoed flow.-The auto-
gim rotor generates an induced velocity that probably
dHem materially in magnitude, in parts of the rotor
disk, from the constant value assumed for simplicity.
Since the flapping acts in such a manner as to equalize
the thrust on opposite sides of the plane of symmetry,
it appears logical to assume a symmetrical distribution
of the induced velocity along the ~ axis, and the errors
incident to this assumption should be of small magni-
tude. If the rotor is considered as an airfoil with its
msximum chord equal to the span, it is reasonable to
expect an increase in the magnitude of the induced
veloci~ in passing from the leading to the trailing
edge of the disk. In the analysis of the effect upon
the rotor of a flow of this type, the simplest case will
be treated-that is, one in which the induced velocity
increases linearly with distance downstream from the
leading edge, and the average induced velocity over
the disk is the same in value as that initially obtained.
The assumption will be made that there is superposed
upon the induced velooity v an additional velocity u1,
expressed as

01=Kv~ COS # (13-1)

where K is the ratio between% and v when T= R cmd
00s *=1.

The factor K probably varies with the tip-speed
ratio, inasmuch as the distribution of the induced
velocity will approach symmetry as the tip-speed
ratio approaches zero, and will approach, from physical
reasoning, a maximum asymmetry as the tip-speed
ratio approachw a maximum. It is impossible in the
scope of this investigation to speoify any definite
variation of K with P, although subsequently an
empirical relation may be obtained.

The mean value over the disk of the induced velocity
is unchanged, since at equal values of r and values of
# ditlering by r, Z+will be equal and opposite in sign.
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From (4-6),(13–1)may be rewritten

; C,QR

‘-K(@+xZ)+R ~ Cos + (13-2)

nnd
v8in a–v’=MU?-A,0rco8 * (13-3)

wlmro

~KC,

~’=@2+x2)* (13-4)

d = resultant induced velocity= o + 01

Equation (7+) is unchanged except in the cm x term,
which becomes

( )
– /lflR%+ Qt&+ ;PQR%–A&?r Cos +

Examination of equation (8–12) establishes that the
net thrust is unaltered by AI, although the variation
of the thrust with #is ailectad.

The increment in the thrust moment is obtained as

AM,” –s~BR&a(Qr+ JAR sin#)Xlftrcos+& (13-5)

which yields upon integration

The small terms resulting from the second integral in
(9-2) are ignored as being negligible. Reftig to
(9-11), it can be shown that the following changes are
necessary in the espress.ions for bl~%) and &

(13-7)

– :pfhw
‘%= 144+ ~B8 (13-8)

(13-9)

The influence of Al on the torque of the rotor is
exqmmsed in the following terms which are to be added
to equation (104):

;A?B’ + ;pAla@ – @@’-&lA,a@

– &QQhP’–~hlk (13-10)

The application of these results shows that for reason-
able valuea of K the magnitude of the terms in (13–10),
is such thtit the torque may be assumed unchanged
by h,.

14, Vertioal descent.—The analysis of existing data
and the application of the previous development to the
high-angle-of-attack operation of the autogiro have

shown that the strip analysis is not valid in that range.
The following treatment is based upon an analysis. of
data obtained from tests of propellers of low pitch, ana
given in detail in reference 5. The essential part of
the reference is reproduced in @are 4 of this report,

which shows the two quantities $ and+as fUIlCtiOI19of

each other. The symbols F andf rep&wnt the thrust
coefficients of a propeller based respectively upon the
velocity at the propelhr disk and the veloci@ of flow
at infinity. That is

F= “2zR2pv$ (14-1)

f‘2A (14-2)

where VOis the velocity at the propeller disk and for
the autogiro is equal to MM?.

In the application of figure 4 to the autogiro, it can
be stated that the rotor operatea always on the branch
of the curve in figure 4 labeled ‘(windmill decelerating

Fmcmm4.—Relatlon bohvwn pro@ler thmst cmtllalontsIm.wdrzspectivoly upon
vekmity of tmnhtlon and velooity at propellor disk.

state” , which is defined as that condition of operation
in which the thrust of a propeller is in the direction
considered as normal, while the propeller is moving in
a direction opposite to the one considered normal and
rotating in a positive sense.

In order to calculate the drag coefficient of a rotor
at 90° angle of attack, the factor x is calculated from
equation (104) for p= O; (?T is then found from equa-
tion (8–14).From (14–1),

(14-3)

The value of 1 corresponding to the calculated value of3.
– is then obtained from figure 4. From (3–3) and
;
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where C’r’ is the drag coefficient of the rotor at 90°
angle of attack.

The vertical velocity and rotor speed are easily deter-
mined from the drag coefficient of the rotor and the
rotor loading in pounds per square foot of disk area.

15. Application of anaIysis.-The lift, drag, angle
of attack, blade motion, and rotor centm of pressure of
any rotor of given geometric form may be calculated
from the equations developed in the previous analysis
by a relatively simple series of operations. It is
necessary that the following data be bow-n: Pitch
angle 0 and the chamcteristic of its variation with the
radius; solidity u; mass constant of the blade y; and
the lift-curve slope and minimum drag coefficient of
the blade airfoil section. The operations, in order, by
which the aerodynamic charactariatics of the rotor are
calculated are w foIlows:

(a) Substitute the physical characteristics of the
rotor in equationa (9-11) and (9-15) and obtain the
coefficients %, ~, bl, ~, and bz as functions of p and
A only.

(b) Substitute the functions from (a) in equation
(10-4) and, choosing a suitable series of values for P,
solve (10-4) for X as a function of P.

(c) Substitute the rotor constants and A in equation
(8-14) and obtain c= as a function of p.

(G?)Substitute for x in equation (5-2) and obtain
a as a function of P.

(a) Substitute for X in equations (9-11) and (9-15)
and obtain ~, ~, i51,G, and 13Xas functions of p.

(f) - a value to K and obtain A,.
(g) Determine infiuence of (13-Io) on A as a fuuc-

tion of P.
(h) Evaluate (13-7), (13-S), and (13-9) and deter-

mine the changes in bl, q, and b~arising from AI.
(i) Substitute for (?. in equation (114) and obtain

D/L as a function of p.
Q~ Determine c., from equation (3-6), and C.,

from equations (11-4) and (3-6).
(k)Determine the rotor pitch@ and rolling moments

from the appropriate equations in section 12.

(0 Detefie ~h-om equation (14-1) for values of x

and CT at p equal to zero.

(m) Obtain ~ from @e 4, and c~~ from equation

(14-2).
In the numerical application of the analysis, arbi-

trary values must be assigned to several of the para-
metem in the equations. When an allowance is made
for tip losses it appears reasonable to give to ~ a value
which when multiplied by the radius will result in the
radius less one-half the chord at the tip, although for
blades that Wer materially from the rectangular
plan form assumed in the analysis, judgment must be
used in applying such a rule. The slope of the lift
curve should be that corresponding to i.niinite aspect
ratio, and the value of 5.85 is suggested as a good aver-
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age for most airfoils. The average drag coefficient,
as has been previously stated, should be given a vrduo
one and one-half times the minimum drag coefficiimt
of the airfoil section.

It is pertinent to mention at this time that the case
analyzed in this paper is confined to blades of constant
chord and section. The analysis of blades that do not
conform to this limitation prwenti no diflioulty,
however, zince an appropriate function of the radius
can be substituted for c and/or 6 before integrating tho
basic exprewions with respect to the radius.

EXPERIMENTAL AND CALCULATED ROTOR
CHARACTERISTICS

Scope of study.-The validity of the analysis pre-
sented. in the first part of this paper is here examined
by compariqg experimental and calculated values of
the different rotor characteristics. Relatively com-

s
,

‘\
\ /’ A.

Plon

0

Radius,in&es
I?IGUILE5.—Plan form, phb anEIe,and protakranms of POA-2ilUtO@Oblade.

plete full-scale data are available on the characteristics
of a Pitcairn PCA–2 autogiro (references 3 and 4).
The physical constants of the PCA–2 rotor were de-
termined and used to calculate the rotor characteristics
by the equations previously developed; the results
were then compared with meaaured values of the same
quantities.

Physical constants of PCA–2 rotor.—The physical
constants of the PCA–2 rotor are listed below:

NmberofbM-.--------------- 4.
Bbdetim -------------------- 22.5 ft.
Blade airfoil section-------------- GOttingen429.
Blade moment of inertia about

tlapping hinge----------------- 334slugft.9
From Oto 39.4 percent R:

Blade cho~------.---------- 1.25 ft.
Pitch an~e------------------ 0.03S4rad.

From 39.4 to 100percent R:
Blade cho~-__-------------- 1.833ft.
Fitch m~e------------------ –0.0167+0.0872 fir~.

The pitch angle of the blade as measured in flight
is plotted in figure 5 with a drawing of the plan and
elevation of the blade. The dashed lima in figure 6
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show the plan form and pitch angle as expressed by the
foregoing constants; the blade was considered in two
steps. The measurement of the pitch angle in flight
is mandatory for the reason that the blade lift is offset
from the center of gravity of the bl~de and causes a
torsional deflection in flight which in this case amounts
to approximately 2.4° (0.0419 radian) at the tip. The
blade moment of inertia was determined by a swinging
test in which particular care was taken to eliminate
the virtual-mass effects of the ambient air; the above-
mentioned value was obtained by two independent
methods which reduced the virtual-maw effects to a
minimum.

Attention is called to the fittings A and B shown in
figure 5, the damper arm for interblade bracing and
the droopcablo fitting. Since protuberances on the
upper surface of an airfoil may cause serious increases
in the drag of the airfoil, the qualitative influence of
these fittings upon the rotor characteristics is subse-
quently examined.

The remaining constants required for the calcula-
tion of the rotor characteristics were chosen in accord-

p, ttp-speedrui’io

F!awrm0.-Experbaeatal and calmlatedlUt cdtlofent end engle of attaokof POA-2
nutc=gfrumtar, with mkadntrd lnlluwmeof estimated blade @t@ chg.

ante with the discussion in section 15 of the analysis;
they are

B-----------_-------_--- 0.959.
a--------.-.--_--------- 5.85.
6----------------------- 0.0120.
u--------------------_-_ O. 1038.

~----------------------- 3,0001b.

P----------------------- 0.00210slug/cu.ft.
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The solidi~ a of the rotor was calculated from equa-.
tion (8–13); the blade chord used was that of the outer
straight portion. No serious error would be introduced
in the calculations if the decrease in chord of the inner
portion of the blade were ignored. The density given
corresponds to the average density encountered during
the tests reported in references 3 and 4, so that any
but minor corrections ta the experimental curve of
rotor speed as a function of tip speed could be avoided.

p, ttp -speed rotio

~aum 7.—ExT&bn0ntalend mkdeted tbrnst cmtllc.imtend mtorspmdof POA-2
a@c@ro rotor, with calardatedfdrmnce ef estfnratedblade r@reWe dreg.

Results of analysis.-The blade plan form of the
PCA–2 rotor requires an alteration of the equations
for the rotor characteristics h take account of the
change in chord. This alteration is accomplished by
performing the integration from o to B in two steps,
one born O to 39.4 percent R, the other fim 39.4 to
100 percent R, using the proper value for the chord in
each step. The resultant equations are similar in form
to the ones derived for the case of constant chord, the
difference being only in the numerical factors by which
the several tams are multiplied.

The calculated characteristics of the PCA–2 rotor
are presented in figures 6, 7, and 8, the experimental
valuw being plotted in the same figures for comparison.
These figures show the results of calculations that neg-
lected the influence of the parasite drag added by the
protubersacea on the blade and assumed an induced
flow constant in magnitude over the rotor disk. Rotor
speed was calculated from the load curve shown in
figure 9, which is reproduced from reference 4. It
should be noted that the curve of experimental angle



246 RDPORT NATIONAL ADVISORY COMMITI?EE FOR ADRONAUITCS

- of attack shown in figure 6 is taken from reference 3,
as direct measurements were made of the angle of
attack in those tests, whereas the measurements made
in reference 4 required that the angle be calculated
from the measured vertical velocities.

I xi. 1. 1/ I II- I
II,, I

?J2

0

.:

2’
0

-1

-/ 2
1 I I 1 1 I 1 , 1

.3 .4 .5 .6 .7
p, fIp-speed rafio

Ftami~ S.-Exp?rfmontal and rakdabd blade motion ccafiidmts of POA-2 SUW
gfm mtm, wftb csfrnkted Mmmco of e@bnatd bhde -W @.

The influence on the rotor characteristics of the
protuberances on the bladea was determined qualita-
tively by assuming that the flow was spoiled over that
portion of the blade immediately behind the protuber-
ance, which was assumed to result in a drag coefficient

w tip-speedrofio

Hams 9.—Led mrrkd by tlxedwing of PCA-2autcgfroesa fnndfon of tip-sped
ratio.

of unity for the cross-hatched portions of the frontal
area of the blade shown in iigu.re 5. The added drag
was computed both as additional torque, which influ-
enced the parameter 1, and as an added source of
energy loss, which changed the expression for the lift-

drag ratio. The results of these calculations are also
shown in figures 6, 7, and 8 for comparison with both
the experimental data and the original calculations.

The effect on the blade-motion coefficients of rLnon-
uniform induce$ velocity of the type previously
analyzed is shown in @e 10, in which experimental
results and the origimd calculations are also plotted.
Since this type of flow does not altar the force coeffi-
cients the remainder of the rotor characteristic have
not been shown. These calculations are based arbi-
trarily on a conmkmt value for K of 0.6 (see equation
(13-4)), which may be too large at very low tip-speed
ratios. The remdtant motion of a blade, shown M n
graph of 13against ~, is plotted in figure 11; e.xpwi-
mentsl and calculated vrdues are presented for a tip-
speed ratio of 0.50.

The calculated rotor characteristics showing the
combined effect of allowing for the additional dnig of
the protubertmces on the blade, and the nonuniform
induced velocity, are shown in figures 12, 13, and 14,
for comparison with experimental values. The con-

.1 .2 .3 .4 .5 .6 .7
p, tip-speedrafio

PmuEE 10.—Exparimmtaf and calcnlatwl blode motion mefllolentaof POA-2oulc-
gfmrotor,wfth mfmlatd fnflnoncaof osmmrd type of ve.rylog Induced flow.

stants used in computing the combined infhmnce of
the two quantities are the same as those previously
given.

The computation of the rotor drag coefficient at 90°
angle of attack is shown in the following table for
both the original computation and the computation



AN ADRODYNMC ANALYSIS

including ‘ the blade-parasite drag. Experimental
values of the drag coefficient were calculated from the
results in reference 3 by assuming that the fixed wing
supported a portion of the weight corresponding to a
normal-force coefficient of unity.

ROTOR CHARACTERISTICS AT 90° ANGLE OF ATTACK

r CJ”%w

P ------------------ 0
L----------------- .0218
&---------------- .00718
ax); ------------ L 370

%;:”’%;;:-:::::::: $:?
t

ardte fnclrrd 3e#tal

o -----------
0256 -----------

:00767 0.00666
L 343 L 222

1496 15.04
33.6 35.4

DISCUSSION

Method of analysis,-The most uncertain assump-
tion made in the analysis is that the induced down-
ward velocity generated by the rotor is constant in
value over the rotor disk and equals the induced
velocity of an airfoil of equal span and total load.
The constant-valued part of the assumption is un-
doubtedly untrue, especially at low tip-speed ratios
when the rotor loading is practically zero near the
W& of rotation. At high tip-speed ratios the induced
velocity probably approaches the constant value, k
sofar as variation along the span are concerned, but
here also it is to be expected that variations in magni-
tude will occur over the disk, since the induced ve-
locity probably changes along the chord. It has been
partly demonstrated, however, that variations in the
distribution of the induced velocity have a negligible
influence on the net rotor forces, although they have
a pronounced influence on the blade motion. The
importance of these variations of the induced veloci~
may then be considered small. The assumption that
the rotor ia equivalent to an airfoil determines the
virtual mass of air influenced by the rotor forces.

m
:/2

$
;8

? 4
+

30
<

0 40 80 120 J60 200 240 280 320 0
fi,azimufh wgle, okqees

FIOUM11.—EqMrnental and caladakl blade motion of the POA-2 autogfro
rotor. /4-0.s3.

This assumption is probably least in error at ~mh tip-
speed ratios where the rotor loading projected on the
spnn axis approaches that obtained with an airfoil.
The failure of the strip analysis at high angles of afr
tack, that is, at low tip-speed ratios, can probably
be trnced to this assumption, which undoubtedly iu-
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troduc& b apprckiable error as the operation of the
rotor becomes closely simil”m to that of a windmill
operating under conditions of axial flow.

Quantitative errors introduced by assuming that the
angles p and 9 are equal ta their sines and that the
cosines are equal to unity are believed to be negligible.

~ z
~ .6 /2%

s
J

8’
.4 8

.2 4

0 0

J 2 .3 .4 .5 .6 .7
AL, ftp-speedrafio

l’mcm~12.Erpai-fmentnlondmladatodlfft am13Mentand angleof attadi of POA-2

fm~o ro% ~dUd@ the adc0L3t@ InSuenceof both blnde -to @ ~d
-g indnmxl flow.

The angle q becom& large only in regions of low re-
sultant velocity where the air forces practically vanish
in comparison with the forces developed in the high-
velocity regions. The angle /3 does not exceed 15° and
the error between the angle and its sine at that value is
1 percent; between the cosine and unity, 3 percent.

The neglect of the radial velocity in computing
profile-drag power losses introduces an error of uncer-
tain magnitude in the drag coefficients. This error is
combined with the errors introdumd by the use of an
average drag coefficient for the blade elements and the
approximate consideration of the blade parasite dr~-.
Because of the impossibility of measuring rotor drag in
flight, no analysis even of the combined errors can now ‘
be made.

Results.-Figures 6, 7, and 8, showing the compari-
son between experimental results and original calcula- .
tions and the calculations which include the approxi-
mate influence of the blade parasite drag, demonstrate
the varying agreement between the diflerent charac-
te~tics. In figure 6 it is seen that the calculated rotor
lift coefficient is in both cases in excellent agreement
with experimental results. Calculated angle of attack,
however, is appreciably in error and especially at high
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tipspeed ratios, although the error in the origimd cal-
culations is reduced by considering the blade parasite
drag. In figure 7 the errors in the calculated thrust
coefficient and rotor speed at high tipspeed ratios are
clearly demonstrated, the errors becoming important
above a tipspeed ratio of about 0.40. As in the pre-

.0081 I i I I I I I I I I I I (

u’ $

.002 /00 ;

<

.00/ 80

0 .1 .2 .3 .4 ,5 .6 .7
p, fip-speed raiio

FIGURE 13.-l3xfMnrentsl and cafcnfated throst meflkknt and rotor @ of
POA-2 antogfro mtnr, fnchdfng the crdcnhtd influence of botb blede E$IMSte
dmg and - Indti flOW.

vious figure, the consideration of the blade parasite
drag resulted in closer agreement between calculation
and experiment. Figure 8 shows that the blade motion
is, of all the characteristics, the least susceptible to
calculation. The coefficient G is in error at low tip-
speed ratios, although the error decreases as the tip-
speed ratio increases. The coefficient % diverge-s more
and more from experimental values as the tipspeed
ratio approaches a maximum. The cceficient 61, on
the other hand, shows the greatest errors at low tip-
speed ratios. The absolute magnitude of the errore in
a-j and b~is small, but the percentage is large. Figure
10 demonstrates that the calculated value of ill depends
critically upon the variation of the induced velocity
along the chord of the rotor disk. The ir.dluence of this
variation on @ and bqis relatively unimportmt.
summing up the final results as shown in f&ures 12,

13, and 14, it can be stated that the calculated lift
coefficient is in satisfactory agreement with the expe-
rimental over the entire range; the angle of attack is
appreciably in error at large tip-speed ratios; the
thrust coefficient and rotor speed show large errors, but
only at high tipspeed ratios; and the blade motion
shows an almost general unsatisfactory agreement.

The discrepancy in aOshown in figure 14 is probably
due to the fact that the induced velocity in reality
increases near the tip of the blade, whereas it is
assumed constant. This disagreement means either
that the calculaiwd center of thrust occurs at too large
a radius, or that an insufficient allowance has been
made for the tip losses. The discrepancy in a.i at high
tip-speed ratios can probably be traced to the same
error in basic assumption. The errors in bl, ag, and 13~
could probably be materially decreased by a proper
choice of the constant determining the parameter AI

in equation (134.). There is a possibility also that
equation (13–2) should include a sine term at high
tip-speed ratios where the difference in operation of
the iwo halves of the rotor disk on oppositi sides of
the plane of symmetry is most pronounced. This
additional term involving sin # would influence the
thrust coefficient c~ and the blade-motion coefficient
al and would probably reduce the discrepancy obtained
in both of them.
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FIQUFW14.—Expdnen M end mfmfated blade motion coefliofentdof POA-2 auto.
@e rotor, fndndfng the mladated inflmnce of both blede parasltodreg and VIIIY
ing fndnmd flow.

The calculated drag coefficient at high incidence is
1.343, which is reasonably close to the value of 1,222
obtained horn reference 3 by assuming that at 90°
angle of attack the rotor carries the entire weight less
a wing load corresponding to a drag coefficient of unity.
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The vertical velocity cikmlated fkom this drag coeffi-
cient is 33.6 feet per second, which compares favor-
ably with the experimental value of 35.4 feet per
second. The calculated rotor speed is 14.96 radians
per second compared to the experimental value of
15,04 radians per second.

The results of the analysis demonstrate the prac-
ticability and, in most respects, tha usable accuracy
of the strip analysis outlined in section 1. It is unfor-
tunate that the experimental rotor drag cannot, at the
present time, be presented for comparison with the
calculated drag since, for the prediction of perform-
ance, this quantity is the most important rotor
characteristic. It is, however, planned to test a
PCA-2 rotor in the N.A.C~. full-scale wind tunnel
in the near future in order to obtain information for a
detailed and thorough analysis of the rotor drag.

CONCLUSIONS

1. The aerodynamic analysis of the autogiro as
developed by Glauert and Lock is quantitatively
usable except for the blade motion.

2. The blade motion is critically dependent upon
the distribution of induced velocities over the rotor
disk and cannot be calculated rigorously without the
accurate determination of the induced flow.

3.The amilysis indicates that the type of induced
flow assumed has ordy a seconday effect on the net
rotor force9.

4. The parasite drag of the rotor blades is an
important factor in the calculation of rotor charac-
teristics.

LANGLmY MEMORIAL AERONAUTICAL LABORATORY,

NATIONAL ADVISORY COMWPTEE FOR AJIRONAUTIOS,

LANGLIOY FIDLD, VA., January 17, 1934.

REFERENCES

1. Glauert, H.: A General Theory of the Autogyro. R. & M.
NO. 1111,British A.R. C., 1926.

2. Lock, C. N. H.: Further Development of Auto- The-
ory-Pati I and II. R. & M. No. 1127, British ARC., ‘
1928.

3. WiKXitby, John B.: Lfft and Drag Characteristka and Glid-
ing Performance of an Autogirc aa Detenniued in Flight.
T.R. No. 434, N. A. C.A., 1932.

4. Wheatley, John B.: Wig Pressure Distribution and Rotor-
Blade Motion of an Autogiro aa Determined in Flight.
T.R. No. 475, N.A.C.A., 1933.

5. Lock, C. N. H., Batemau, H., and Townend, H. C. H.: h
Extension of the Vortex Theory of Afrscrews with Appli-
cations to Airscrem of Small Pitch, Inoluding Experi-
mental R.edta. R. & M. No. 1014,British A.R.C., 1926.


